Abstract. A general question of interest is to know, for elliptic curves over a number field, the distribution of supersingular primes of degree one. We begin by modifying the Lang-Trotter heuristic to address the case of an abelian extension, then we show that it holds on average (up to a constant) for a family of elliptic curves by using ideas of David-Pappalardi.
Introduction
Given an elliptic curve E defined over a number field F and a prime p of good reduction, let a p = N p + 1 − |E(F p )|. One says that p is supersingular for E if a p ≡ 0 (mod p). Given Hasse's bound of 2 √ N p on |a p |, this occurs for degree one primes p with N p > 3 iff a p = 0.
In 1976, Lang and Trotter [LT] conjectured the distribution of supersingular primes of norms ≤ x for a non-CM elliptic curve E over Q to be asymptotic to c E √ x log x as x → ∞, for some positive constant c E .
In 1981, Serre [S2] proved that the density of supersingular primes is zero, which brings up the question of whether such primes are infinite in number for any E/F . This was answered for F = Q by N. Elkies in 1987 [E1] , when he demonstrated that there is an infinite number of supersingular primes for any elliptic curve E/Q. In 1989, Elkies [E2] extended his result to an elliptic curve E over any number field with a real embedding.
No such result is known in general for other fields K, even in the case of imaginary quadratic fields. Some examples are provided by Elkies and Jao, in the cases where the absolute norm of j(E) − 1728 has a prime factor congruent to 1 (mod 4) which has odd exponent [E1] and for elliptic curves parameterized by X 0 (p)/w p for certain small odd primes p [Jao] (which includes some elliptic curves with imaginary quadratic j-invariant). It does not seem that the result on Q can be used to deduce it for K, though this may be possible if one can show that infinitely many of the supersingular primes over Q have a degree one divisor over K. This is certainly not always true, as in the case of an elliptic curve E with a torsion subgroup E(Q) tors of order 4 and the imaginary quadratic field Q(i). Recall the theorem on torsion injection which states that for sufficiently large primes p, we have E(Q) tors ֒→ E(F p ). In our case this implies a p ≡ p + 1 − |E(F p )| ≡ p + 1 (mod 4) and so p supersingular ⇒ p ≡ 3 (mod 4) for sufficiently large primes p. Thus E does not have an infinite number of supersingular primes that split in Q(i).
In 1996, Fouvry and Murty [FM] demonstrated that the Lang-Trotter asymptotic for supersingular primes held on average for a family of elliptic curves over Q. David and Pappalardi [DP1] later established asymptotic expressions on average for any given trace of Frobenius, and also investigated the average distribution of supersingular inert primes of Q(i) [DP2] . We will use their techniques to establish a result for a congruence class of primes, averaging over a family of elliptic curves. Such techniques were used in a similar manner by Kevin James in [Jam] , however the aim of that paper is quite different from our goal here.
The surprise of the findings is that whilst the prediction is true up to a constant, the nature of the specific constant is not what is expected.
Fix L to be an abelian extension and let π 0 (L, E a,b , x) be the number of rational primes less than x that split (totally) in L and are supersingular for E a,b , where E a,b is the elliptic curve represented by the equation Y 2 = X 3 + aX + b. We will show, for A, B > x 1/2+ǫ and AB > x 3/2+ǫ , that
Remark. Note that the constant above of π/9 is less than half of C Q = π/3, suggesting a slight bias against the occurrence of supersingular primes that split in Q( √ −3). In section 4, we will discuss the existence of this bias in the averaging result.
We plan to investigate elsewhere the reasons for this bias, in part through the use of Galois representations.
We briefly describe the structure of the paper. In section 1 we construct the heuristic, using a similar approach to that of Lang-Trotter. We then turn to averaging over a family of elliptic curves in section 2, expressing the average in terms of sums of Hurwitz numbers. We interpret these in section 3 using L-functions and obtain an asymptotic expression. In section 4 we discuss the results when applied to certain examples of number fields, and lastly in section 5 we explain how to refine the averaging, using an idea of Fouvry-Murty.
1. The heuristic 1.1. Background on Sato-Tate. The heuristic will rely on a variant of the SatoTate conjecture. Given a non-CM elliptic curve E defined over a number field L of degree n over Q, let Σ L = Σ L,E be the set of finite places of L at which E has good reduction. For v ∈ Σ L and (l, p v ) = 1 (where p v is the prime associated to the place v), we have the related Frobenius conjugacy class in Aut(T l (E)). From page I-25 of [S3] we have: Proof. Pages I-22 -I-26 of [S3] .
Given an abelian extension L/Q and assuming the Sato-Tate conjecture for Σ L , it is possible to derive the Sato-Tate conjecture for the set of degree one primes of L through the use of some straightforward complex analysis.
. Now fix a positive integer M and reduce GL 2 (Z l ) modulo M so as to obtain the representation
We choose an M that splits and stabilizes the representation, which from Serre [S1] we know always exists for a non-CM elliptic curve. For good primes p of E we have the trace t p of the Frobenius class σ p , and it is the distribution of these t p for p ∈ R that we consider, for a given set R of primes in L.
Assumption. t p can be considered as a random variable, independent of other t p ′ , and its asymptotic behaviour is consistent with the Sato-Tate conjecture and the Tchebotarev density theorem.
√ N p so that, by Hasse's inequality, ξ ∈ [−1, 1] and thus we can write ξ(t, p) = cos θ(t, p), with θ(t, p) ∈ [0, π]. By the Sato-Tate result, we have a density function of 2 π sin 2 θ, and this gives us a density
1.3. Approximation model. We now construct an approximation model that is slightly different to that of Lang-Trotter, where we also account for the torsion of the elliptic curve. We then determine the asymptotic behaviour. Let k be the order of the torsion in the Mordell-Weil group of the elliptic curve. One knows that for sufficiently large primes p we have |E(
and a p ≡ N p + 1 (mod k)}, and define h(t, p, k) to be equal to k if t ≡ N p + 1 (mod k) and 0 otherwise.
The main assumption of the heuristic is that we have
Remark 1.4. The F M (t) is for consistency with the Tchebotarev density theorem, g(ξ(t, p)) is to ensure compatibility with the Sato-Tate result (via the law of large numbers), c p is chosen so that t f M (t, p, k) = 1, and lastly h(t, p, k) accounts for the congruence obstruction from torsion injection.
We now address the asymptotic behaviour of c p .
Proof. We can prove this in a similar manner to the corresponding case in [LT] , with the additional observation that when incompatible congruence conditions arise the proof does still follow, due to the fact that for the t 0 in question we will have F (t 0 ) = 0. Now let R be the set of degree one primes of an abelian extension L. If we have incompatibility between the congruence arising from torsion injection and the congruences satisfied by the norms of the elements of R, then the set Q = {p ∈ R | N p + 1 ≡ 0 (mod k)} may only have a finite number of elements (as in the example mentioned in the introduction). Thus from here on we only consider the cases where this does not occur (i.e. when (k, disc L) = 1). In this case the set Q ′ of rational primes lying under those primes in Q will have density 1/nk, where we recall that n is the degree of the field L and k is the order of the rational torsion group of the elliptic curve. The rest of the analysis of the model follows as in [LT] , and we obtain:
where l is a rational prime. When t 0 = 0, we have (given that M splits ρ)
We consider this in the context of rational primes. Let R ′ be the set of rational primes that lie under the primes in R; this has density 1/n. Thus
Remark 1.7. Comparing the above with the Lang-Trotter conjecture of
we see that R ′ has an asymptotic proportion of supersingular primes of 1/n (when there is no congruence obstruction). However, later in this paper we shall see that on average there is in fact a bias in the proportion of supersingular primes, reflected in the value of the constant, which is contrary to the expectations of the heuristic.
Lifting supersingular elliptic curves
Define E a,b to be the elliptic curve with affine model Y 2 = X 3 + aX + b, with a, b ∈ Z, and given a set of rational primes P , let π 0 (P, E a,b , x) be the number of supersingular primes for E a,b that are elements of P and less than or equal to x.
When P is determined by a congruence condition p ≡ c (mod m) with (c, m) = 1, then we will prove Theorem 2.1. For A, B > x 1/2+ǫ , AB > x 3/2+ǫ we have
4AB
|a|≤A |b|≤B
as x → ∞, for an explicitly determined positive constant C P that depends only on P .
By Deuring, the set of supersingular primes for a CM elliptic curve over Q has density 1/2. Thus we must check whether the constant in the asymptotic is affected by the contribution from CM curves.
There are exactly thirteen isomorphism classes of CM elliptic curves over Q. Two of these classes are of the form E a,0 and E 0,b , where a and b can be any nonzero integers, and the other eleven classes are of the form E cit 2 ,dit 3 , where t is any non-zero integer and (c i , d i ) is, depending on its index i, one of eleven distinct pairs of integers.
Therefore
which we note will not affect the asymptotic expression under the conditions A, B > x 1/2+ǫ , AB > x 3/2+ǫ . We will later choose some examples of abelian extensions and use congruence conditions to determine the set of rational primes lying under the degree one primes of the extension. This will enable us to obtain explicit asymptotic expressions.
Given a prime p > 3 and an integer r ∈ (−2 √ p, 2 √ p), the number of isomorphism classes of elliptic curves over F p with a p = r is equal to the Hurwitz number
where h(d) is the class number of the order
is the number of units in this order, f is an integer and d = (r 2 − 4p)/f 2 . We define δ f (x) = 3 < p ≤ x r 2 − 4p ≡ 0 (f 2 ) and r 2 − 4p f 2 ≡ 0 or 1 (4) .
Note that the r = 0 case only allows for two values of f , either 1 or 2. Thus d = −4p or −p.
From an argument of Fouvry-Murty using exponential sums [FM] , for any α, β ∈ {1, . . . , p − 1}, we have |{(a, b) | |a| ≤ A, |b| ≤ B, and E a,b (mod p) is isomorphic to E α,β }|
We will sum this over the H(−4p) − O(1) isomorphism classes that have αβ ≡ 0 (mod p). In order to bound the error terms that will arise, we note that H(−4p) = h(−p) + h(−4p), and we recall the Dirichlet class number formula
when d ≡ 0 or 1 (mod 4), with w(d) = 6, 4, 2 for d = 3, 4, or ≥ 7, respectively. The Polya-Vinogradov inequality implies that L(1, χ d ) ≪ log |d| and thus
Therefore, we obtain 1 4AB
Sums of L-functions
3.1. The asymptotic expression. Using the Dirichlet class number formula in conjunction with (2.1), we obtain:
Now we note that the double sum on the right-hand side can be considered as a Stieltjes integral, which gives us
At this point we require:
Theorem 3.1.
where K P is a constant depending only on P , and γ is some positive constant.
Proof. Since the first part of the proof follows from a straightforward adjustment of the arguments of David-Pappalardi, we omit it here. We obtain two terms, one for each value of f in the sum above.
The first term, corresponding to the f = 1 case, is
where k = k(n) is the greatest common factor of n and m, and U = √ x log γ+1 x for some γ > 0.
Lemma 3.2. For k = (n, m), we have
Proof. This can be proved by considering the prime decompositions of n, m and k.
We apply this to (3.4) to get
Consider the inner sum in the equation above. Since k|n, write n = lk and note that k|l only if k ∤ 
otherwise the sum takes the value zero.
Proof. When l s is a square, we have
On the other hand, if l s is not a square, write l s = q 1 . . . q w · h 2 , where the q i are distinct odd primes (n is odd so l s is also odd). Then
which, by the Chinese remainder theorem, gives us
and since b(qi) * b qi = 0, the left-hand side of (3.7) is zero.
Applying all this to (3.5) we have
We want to split up this sum according to the different values of k. In order to do so, we first need to extend the range of summation:
In the context of the error term above we note
Now we can split the main term into a double sum
where the coprime condition on l arises from the fact that we have k = (n, m) ⇔ (n/k, m/k) = 1 ⇔ (l, m/k) = 1. Note that the first sum on the right-hand side is over all odd divisors of m, including 1 and possibly m.
In order to interpret this, we consider the possible values of the divisors l k and l s of l (recall that l = l k l s ). For l k , we note that primes p such that p|k and p ∤ m/k are exactly those primes that might divide l k . Therefore, we have
For l s , recall that it is the largest divisor of l such that (l s , k) = 1. We also have that (l, m/k) = 1 in the second sum of the right-hand side of (3.8), and so (l s , m/k) = 1. Thus (l s , k · m/k) = 1 ⇒ (l s , m) = 1. So l s is any square positive integer that satisfies (l s , m) = 1 and therefore we can write
Putting all this together, we conclude that (3.4) is equal to
Now for our second term, corresponding to the f = 2 case, we have
where c ′ is an integer such that c ′ ≡ c (mod k) and c ′ ≡ 3 (mod 4). A similar approach as before to the evaluation of this expression gives us, in the case of m odd,
and in the case of m divisible by 4,
Remark 3.4. In the latter case we have assumed that 4|m rather than just m even. This is because if we have a congruence condition p ≡ c (mod m) where m = 2m ′ for m ′ odd, then it can be decomposed into the conditions p ≡ c (mod m ′ ) and p ≡ 1 (mod 2) (since (c, m) = 1 by assumption). The second condition can then basically be ignored -all it does is exclude the prime 2, and thus does not affect the asymptotic expression.
Summing the expressions for the f = 1 and f = 2 cases, we obtain
for some constant K P .
We apply the above to (3.2) and then substitute back into (3.1) to get
and thus we note that C P = 2 π K P . 3.2. The value of K P . For odd m we have:
, and for even m:
where I(c) = 1 if c is congruent to 3 (mod 4) and is zero otherwise.
4. Applications 4.1. Imaginary quadratic fields. Recall that, by way of example, we mentioned the imaginary quadratic field Q( √ −3) in the introduction. The set of rational primes that split in this field is P = {p | p ≡ 1 (mod 3)}, which gives us the asymptotic 1 4AB
Remark 4.1. For P = {p prime | p ≡ 2 (mod 3)} we have C P = 2π/9, and thus the occurrence of supersingular primes congruent to 2 (mod 3) is significantly greater, whereas our heuristic does not distinguish between the constants for the 1 (mod 3) case and the 2 (mod 3) case.
In general, we have the following constant for an imaginary quadratic field L = Q( √ −q), where q is an odd prime: if q ≡ 3 (mod 4), then C L = . So for any imaginary quadratic field there is a bias against the occurrence of supersingular primes that split in the field.
Real quadratic fields. For
Remark 4.2. Here we observe a bias toward the occurrence of supersingular split primes. Note that these biases will still be present in the refined averaging of the next section.
4.3. Cyclotomic fields. We could also consider a cyclotomic field such as Q(ζ 15 ), in which case the set of split primes is P = {p prime | p ≡ 1 (mod 15)}, and so
Thus for A, B > x 1+ǫ , AB > x 3/2+ǫ , we have 1 4AB
Remark 4.3. The sum of the C P -coefficients for all the various mod 15 congruence relations is π/3 and thus the mean value is π/24, which is larger than the coefficient in the asymptotic above. So again we have a bias against the occurrence of supersingular primes that split totally in the number field. . Define Q to be the set of (rational) primes congruent to 2 (mod 3) and R the set of primes congruent to 1 (mod 3). If P = Q, the second factor in the Euler product would be 1 − 1 3 −1 = 3/2, whereas if P = R, that same factor would be 1 + 1 3 −1 = 3/4. This suggests that choosing a set of primes such as Q leads to a larger constant in the averaging expression. Furthermore, we note that the ratio of the two factors is greater (and thus the bias more pronounced) when q is a smaller prime.
Refining the sum
The averaging that we carried out included more than one elliptic curve from each isomorphism class. This repetition can be avoided using a construct of FouvryMurty. Define a 'set of minimality' M = {(a, b) ∈ Z 2 | p 2 |a ⇒ p 3 ∤ b}. Then a straightforward extension of a theorem from [FM] , under the conditions A, B > x We note that the double sum is now no longer over multiple representatives of any given isomorphism class. Bounding the error terms with (2.2), and then applying (3.10) we obtain Theorem 5.1. For A, B > x 1+ǫ and AB > x 2+ǫ · min(A 1/4 , B 1/6 ), |a|≤A |b|≤B (a,b)∈M π 0 (P, E a,b , x) ∼ 4AB ζ(10) C P √ x log x as x → ∞.
